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Abstract 

The large deviation principle in the small noise limit is derived for 
solutions of possibly degenerate Ito stochastic differential equations 
with predictable coefficients, which may depend also on the large de- 
viation parameter. The result is established under mild assumptions 
using the Dupuis-Ellis weak convergence approach. Applications to 
certain systems with memory and to positive diffusions with square- 
root-like dispersion coefficient are included. 
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1 Introduction 

Freidlin-Wentzell estimates for Ito stochastic differential equations of diffu- 
sion type are concerned with large (order one) deviations of solutions to 

(1.1) dXf = h{Xl) + y/^a{Xt) dWt 

from their small noise limit as the noise parameter e > tends to zero. The 
small noise limit here is the deterministic dynamical system given by the 
ordinary differential equation 

(1.2) dipt = b{ipt)dt. 
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In (jl.ip and ()1.2p above, the solutions are M'^-valued, 6 is a vector field 
M'^ —7- W^, a a matrix- valued function R'^ — t- W^^"^, and an m-dimensional 
standard Brownian motion, which serves as a model for noise. Solutions of 
(jl.ip and (|1.2p are usually considered over a finite time interval, say [0, T], 
with the same deterministic initial condition Xq = x = ipQ. 

Large deviations are quantifi ed in terms of the large devi ation principle; 
see, for instance, Section 1.2 in iDembo and Zeitounil 1998|. Let us recall 
the definition in the context of Polish spaces (i.e., topological spaces that 
are separable and compatible with a complete metric). Let X he a. Polish 
space. A rate function on is a lower semicontinuous function X — )• [0, oo]. 
A rate function is said to be good if its sublevel sets are compact. The large 
deviation principle is said to hold for a family (^^)£>o of Af- valued random 
variables with rate function / if for all T £ 



- inf I(x) < liminf elogP G T) 

xer° £^0+ 

< limsupelogP (^^ G P) < 



inf I(x), 
xeci(r) 



where cl(P) denotes the closure and P° the interior of P. We will also need 
the following alternative characterization. The Laplace principle is said to 
hold for a family (^^)e>o of A'-valued random variables with rate function / 
if for all F G Cb{X) (i.e., F bounded and continuous). 



lim 

e-5>0+ 



-e log E 



exp 



--^Fie 



inf {/(x)+F(x)} 



If the rate function / is good, then the Laplace principle holds with rate 
function / if and only if the large deviation principle holds with rate function 
/; see, for instance. Section 1.2 in lDupuis and EllisI |l997l |. 

Various sets of assumptions on the coefficients b, a in (jl.ip are known 
to imply that the large deviation principle holds for the family (X^)£>o of 
C([0, T], M'^)-valued random variables. In the non-degenerate case, that is, 
ii d = m and the matrix-valued function aa'^ is uniformly positive definite, 
the large deviation principle holds if, for instance, b and a are bounded and 
uniformly continuous; the rate function then takes the form 



1 f'^ 



s,Lps){iPs - b{s,Lps))ds 



whenever ip G C([0, T], M*^) is absolutely cor itinuous with tpn = x , and 
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Ix{f) = oo otherwise; see Theorem 5.3.1 in iFreidlin and Wentzell 
pp. 154-155]. In the case of possibly degenerate diffusion matrix, global Lip- 
schitz continuity of b and a implies the large deviation principle, and the 
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rate function can be expressed as 



1 



Ix{^) = inf - / \ft?dt, 



T 



where inf ( 



oo by convention; see Section 5.6 of iDembo and Zeitouni 



1998|, where a is assumed to be bounded, and the references therein. 



In this paper, we study small noise large deviations for possibly degener- 
ate Ito stochastic differential equations with coefficients b, a that may depend 
on time and the past of the solution trajectory (predictable coefficients) as 
well as on the large deviation paramete r e; cf. Equation (j2.ip below. This 
general setting has also been studied in iPuhalskiil 200j|. The proof of the 
large deviation principle there is based on Puhalskii's weak convergence ap- 
proach to large deviations, which builds on idempotent probability theory 
and convergence in terms of maxingale probl ems, the idempotent analogues 
of martixigale p roblems; see IPuhalskiil |2001|. The assumptions needed in 



Puhalskii 



2004l | to establish the large deviation principle are very mild, the 



main assumption being that Luzin weak uniqueness holds for the idempotent 
Ito stochastic differential equation associated with the predictable coefficients 
b, a; sufficient conditions in terms of regularity and growth properties of b, 
a are provided. Two other recent works dealing wi th generalized Freidlin- 
Went zell e stimates for Ito equations are those by iMohammed and Zhang 



20061 and iBaldi and Caramellinol [2011[; they are discussed in Section U] 



below. 

The approach we follow here in establishing the large deviation principle, 
actually thr ough the Laplace princip le, is the weak convergence approach in- 
troduced bv lDupuis and Elli and adapted to the s tudy of stochastic 



system s driven by finite-dimensional Brownian motion in lBoue and Dupuis 



1998|. The approach, or more precisely the variational formula for Laplace 



functionals which is its starting point, has been extended to stochastic sys- 
tems driven by i nfinite-dimensional Brownian m otio n and/or a Poisson ran- 



dom measure in iBudhiraia and DupuisI 2000l | and iBudhiraia et al 



2008 



201l| . Using that approach in the present situation, it is straightforward to 
prove the large deviation principle for solutions of Equation (11.11) when the 
coeffic ients are globally Lipschitz continuous; see Section 4.2 in lBoue and Dupuis 



19981 or, for th e case of finite-dimensional jump diffusions. Section 4.1 in 



Budhiraia et al.l [2011[. Here, we obtain the large deviation principle for 



predictable coefficients under much weaker hypotheses, which can be sum- 
marized as follows: continuity of the coefficients in the state variable; strong 
existence and uniqueness for the (stochastic) prelimit equations; uniqueness 
for a controlled version of the (deterministic) limit equation; stability of the 
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prelimit solutions under L^-bounded perturbations in terms of tightness of 
laws. 

The rest of this paper is organized as follows. Section [2] is dedicated to the 
statement and proof of the large deviation principle under general hypothe- 
ses. In Section [3l we verify the hypotheses for coefficients that are locally 
Lipschitz continuous with sublinear growth at infinity but may depend on 
the past as well as the large deviation parameter e. This result yields, as an 
applic ation, the large deviation principle obtained in lMohammed and Zhang 
2006l | for systems with memory; see Se ction | 4. II In Section | 4.2 we derive 



the large deviation principle obtained in lBaldi and Caramellinol |201ll | for a 
class of positive Ito diffusions with dispersion coefficient of square-root type; 
an example is given by the Cox-Ingersoll-Ross (CIR) process, which serves as 
a model for interest rates in mathematical finance. The appendix contains 
th e variational formula for Laplace functionals of Brownian motion obtained 
in 



Boue and DupuisI |l998l | as well as two related technical results. 



2 General large deviation principle 

Let d,m E N, and let T > 0. For n G N, set W" = C([0,r],M") and 
endow with the standard topology of uniform convergence. For e > 0, 
let be and b be functions mapping [0, T] x to M.'^, and (j^ and a functions 
mapping [0,r] x to M'^^^™. Let {^"",8,6) be the canonical probability 
space with Wiener measure 6, and let W be the coordinate process. Thus 
W is an m- dimensional standard Brownian motion with respect to 9. Let 
{Gt) be the ^-augmented filtration generated by W, and let A^^[0, T] denote 
the space of M'^-valued square-integrable (^i)-predictable processes. 

Fix X G W^. For e > 0, we consider the Ito stochastic differential equation 

(2.1) dXf = be{t, X^) dt + ^/e fTe(t, X^) dWt, 
and with v G 7W^[0,T] its controlled counterpart 

(2.2) dX^'" = b,{t,X^''')dt + ae{t,X^''')vtdt + ,/ec7e{t,X^''')dWt, 

both over the time interval [0, T] and with initial condition Xq^ = Xq = x. 
Observe that if e = 0, then Equation (|2.ip becomes a deterministic functional 
equation, namely 

(2.3) (ft = X + / b{s,(p)ds. 

Jo 
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Similarly, if e = and we pick / G L^{[0,T];W^), then Equation 1^ 
reduces to 

(2.4) lp^ = x+ / b{s,ip)ds+ / a{s,ip)fsds. 

Jo Jo 

Let us introduce the following assumptions: 

HI The coefficients b and a are predictable. Moreover, b{t,-), cr{t,-) are 
uniformly continuous on compact subsets of W"^, uniformly in t G [0, T], 
and t ^ a{t,ip) is in L'^{[0,T];W^) for any G W^. 

H2 The coefficients bs, (7s are predictable maps such that be ^ b and (j^ — )• o" 
as e — )- uniformly on [0, T] x VV"^. 

H3 For all e > sufficiently small, pathwise uniqueness and existence in the 
strong sense hold for Equation ()2.ip . 

H4 For any / G L^([0, T]; M™), Equation (j2.4p has a unique solution so that 
the map 

: L2([0,r];M") — > 

which takes / G L^[0, T] to the unique solution of Equation (|2.4p is 
well defined. 

H5 For all iV G N, the map Tx is continuous when restricted to 
= {/ G L'([0,r],M-) : IM'ds < ivj 

endowed with the weak topology of L^[0,T]. 

H6 If {Sn} C (0, 1] is such that e„ — > as n — > oo and {wnjneN C A^^[0, T] 
is such that, for some constant > 0, 

sup [ K(a;)|^ ds<N for 0-almost ah uj G W"", 

neN JO 

then is tight as a family of W"^- valued random variables 

and ^ 

sup [ E [|(j(s,X^"'^")|2] ds < oo. 

neN JO 

Remark 2.1. 1/Fe s/ia// see in Section\3\ that assumption H2 can be weak- 
ened. Specifically, we shall require uniform convergence of be, Oe to b and a, 
respectively, only on bounded subsets ofW^. 
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Remark 2.2. As will be clear from the proof of Theorem \2.1\ existence of 
solutions to Equation ()2.4p is a consequence of hypotheses H1-H3 and H6. 
Thus hypothesis H4 reduces to the requirement of uniqueness of solutions for 
the deterministic integral equation (j2.4p . 

Remark 2.3. Hypothesis H5 will play a minor role, since it is needed only 
to guarantee that the rate function has compact suhlevel sets, and accordingly 
is good. 

Theorem 2.1. Grant H1-H6. Then the family {X^}e>o of solutions of the 
stochastic differential equation (|2.ip with initial condition = x satisfies 
the Laplace principle with good rate function '■ W"' — )• [0, oo] given by 



Uf) = inf - / \ft\ 

{/eL2([0,r];K'"):r,(/)=^} 2 Jo 



dt 



whenever {/ G L^{[0,T];W^) : T^{f) = yj} / 0, and I^{ip) = oo otherwise. 

Proof of the lower bound. The first step in proving Theorem l2.1l is the Laplace 
principle lower bound. We have to show that for any bounded and continuous 
function F: W"' ^ M, 



(2.5) 



lim inf —e log E 

e-s>0+ 



> inf 



as 



It suffices to prove that any sequence {SnlngN C (0, 1] such that 
n — >■ oo has a subsequence for which the above limit relation holds. 

Let {enjneN C (0, 1] be such that — )• 0. By assumption H3, for any 
n E N, X" = X^" is a strong solution of Equation (|2.ip . Hence there exists 
a measurable map 

hn. yym ^ yyd g^pj^ ^Yiat X" = 6'-almost surely. 

Representation formula (|A.3P in the appendix applies and yields 



(2.6) -en log E 



F(X") 

e 



-e„. log E 



Foh"{W) 

e =1 



En inf E 
= inf E 

v£M^[0,T] 



^j^ \vs\'^ds + ^Foh'' {W + I Vsds 







1 







1 



ds 



I > C 

every n G N there exists v"^ £ M^[0,T] such that Kpc?s < and 
(2.7) -e„logE 



Fix 6 > 0. We claim that there exists a constant N > such that for 

l„,n|2. 



F(X") 

e 



> E 



1 /I 



n JO 



5. 
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We prove the claim. The definition of infimum imphes that for any n G N 
there exists n" G 7W^[0,T] such that 



£n log E 



F(X") 

e 



> E 



Kpds + Fo/i" ( W + 







n JO 



Setting M = Hi^'Hoo, it follows that 



(2.8) 



supE 

nGN 







< 2M + - < oo. 



For G N define the stopping time 



r]^ = inf <i t G [0, T] : / |n?r > iV !> A T. 



2' 



The processes u"' = • l[Q ,j-n](s) belong to 7W^[0,T] with Jq P ds < 

A'^. By Chebychev's inequality and (j2.8p . 



This observation implies that 



> N \ < 



AM + 5 

iv ■ 



(2.9) -En log E 

>E 1 
2 



F(jy") 
e =1 



K'^Pds + Fo/i" {W + 



1 



£?i JO 



n"'^ ds 



2M{4M + 6) S 
N 2' 



In view of ()2.9p . to verify the claim, we take A'^ big enough so that 

2M(4M + 5) 6 
N ^ 2 

and set, for n G N, t;" = n"'^. 

Choose and {v^} C 7W^[0, T] according to the claim, 5 > being fixed. 
Thanks to hypothesis H3 and Lemma lA.ll in the appendix, the controlled 
stochastic equation 



dX^'^ = be„ (t, X"'''" ) dt + (t, X^^-^X dt + V^as„ (t, X^'^" ) dWt 



7 



possesses a unique strong solution with X^'^ = x, and 



(2.10) 



/i" W 



■u" ds 



x'- 



9-a.e. 



\/£n Jo 

It follows that, for any n G N, we can rewrite (j2.7p to obtain 



-Sn log E 



F(X") 

e ^1 



> E 



<|2ds + F(X"'''" 



where X^'^ is the unique strong solution of Equation ()2.2p with e = e„ and 
control V = Vn- 

Next we check that {(X"'^ ,f")}„GN is tight family of random vari- 
ables with values in x Sj\[. Since both Sj\[ and W"^ are Polish spaces, it 
suffices to show that is tight as a family of W"^- valued random 

variables and {w^jneN is tight as a family of ^Tv-valued random variables. 
Tightness of the family {X"'^"}„gN follows by assumption H6. Tightness of 
{u"} follows from the fact that the trajectories of t;" are in 

57V = |/ G L2([0,r];M'") : \fs?ds < ivj , 

which is a compact space when endowed with the weak topology of L^. 

Therefore, possibly taking a subsequence, we have that (X"'""", u") con- 
verges in distribution to a x Siv-valued random variable {X, v) defined 
on some probability space (il, J^, P). Let us denote by Ep expectation with 
respect to the measure P. We are going to show that X satisfies 



-a.s. 



(2.11) Xt = x+ [ b{s,X)ds+ [ a{s,X)vsds 
Jo Jo 

To do so, for t € [0,T], consider the map : VV^ X S-Tv ^ M defined by 



ip{t) — X — / b{s , ip{s)) ds — / a{s,ip{s))vs ds 



A 1. 



Clearly, is bounded. Moreover, is continuous. Indeed, let c^" — )• (/3 in 
W"^ and /"—)•/ in Sn with respect to the weak topology of L^. The set 
C = {ip"' : n E N}U{(/9} is a compact subset of W^. Therefore, by assumption 
HI, there exist moduli of continuity ph and mapping [0, oo[ into [0, cxd[ such 
that |6(s,(/j) -6(8,-0)1 < Pb{\W-'<P\\oo) and \a{s,Lp)-a{s,'il))\ < pa{\\ip-ip\\oo) 
for all s E [0,T] and all ip,^ £ C. Using Holder's inequality and the fact 
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that ||/"||l2 < ViV, we find 

< \^t-V^t\+ [ \b{s,ip'')-b{s,ip)\ds 
Jo 



+ / \ais,^)-ais,^^)\ -1^(13+ / ais,^)if-f^)ds 
Jo Jo 

< llv?" - (^lloo + T ■ - 99II00) + VN-T ■ p^{y - (^lloo) 



+ 



ais,^)ifs-f^)ds 



The terms involving \\ip — f^Woo in the above display go to zero as n — )• 
00. Thanks to hypothesis HI, the function <7{-,ip) is in L^[0,T]; since /" 
converges weakly to /, the rightmost term of the previous display goes to 
zero as well. This shows that "^t is continuous. Since converges 
in distribution to {X, v) and is bounded and continuous, the continuous 
mapping theorem for weak convergence implies that 



(2.12) 



If we show that the limit in ()2.12p is actually zero, then, by definition of ^t, 
X will satisfy Equation (j2.1ip P-almost surely for all t S [0,T]. Since X has 
continuous paths, it follows that X satisfies Equation (|2.1ip for all t G [0, T], 
P-almost surely. Observe that 



E[^t(X"'^",v")] < E 



E 



['\bs„is,X^^^")-bis,X^'^" 
Jo 



)\ds 
u"! ds 



faeAs,X^^-")dWs 
Jo 



Using the uniform convergence of to a and of b^ to b on [0, T] x W"' 
according to H2, we get 



BiMX''''' ,vn]<t\%„-b\\^ 

r-T 



+ lke„ - 0-||ooE 



^ Kids I^B[\ae„{s,X-^-")\^]ds, 



which goes to zero as n — )• 00. The last term in the above display tends to 
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zero since 



rn.v"\\2-\ 



< 2sup / E [\a{s,X 

neN Jo 



sup [ E [\ae„{s,X 

+ 2sup r E[|a,„(.,X"'-")-a(s,X"'-" 

nGN JO 

<2rsup||a,„ -(T||^ + 2sup rE[|cT(s,X"'-"^i2i 

neN ngN JO 



ds, 



which is finite thanks to hypothesis H6 (and H2). Recahing (|2.12|) . we have 
shown that 

hm E[^t(X"'^",t.")] = Bp[^t{X,v)] = 0. 

Thus X satisfies Equation ()2.1ip for all t € [0,T], P-almost surely. If / £ 
L^([0, T]; M™), then applying the same argument to the (constant) sequence 
of deterministic control processes = /, one finds that Equation ()2.4p 
possesses a solution. The existence part of hypothesis H4 is therefore a 
consequence of hypotheses HI, H2, H3, and H6. 

The mapping Sn 9 / — t- \fs\'^ds G M is nonnegative and lower semi- 
continuous (with respect to the weak L^-topology on Sn). Since the tra- 
jectories of are in S^r for all n G N and con verges in distribution to 
V, a version of Fatou's lemma (Theorem A. 3. 12 in iDupuis and EllisI |l997l . 
p. 307]) entails that 





r r'^ 1 






lim inf E 


J Kl'^ds 


> Ep 


/ f s P ds 


n— >oo 






.JO 



Using this inequality and the continuous mapping theorem (recalling that F 
is bounded and continuous) we find that 



lim inf — e„ log E 



F(X") 



> lim inf E 

n— >oo 



> lim inf E 

n— >oo 



> Ef 



> 



K\'ds + FiX"'^"] 
- /^Kpdsl + lim ErF(X"'^")l -S 

2 Jq n— >oo 

l r \vs\'' ds + FiX^)] -6 

^ JO 

inf I- / |/J2ds + F(v9)\ -b 



{(/,<^)GL2x 



> inf {4(vp) + F(vp)}-5. 
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The second but last inequality is obtained by evaluating the random variable 
w by w. Since 5 has been chosen arbitrarily, the lower bound follows. □ 



Proof of the upper bound. We now prove the Laplace principle upper bound, 



(2.13) lim sup — e log E 

e-i>0 



< inf {4M+F(^)} 



for F : — t- M bounded and continuous. As for the lower bound, it 
suffices to show that any sequence {enjngN C (0, 1] such that e„ — )• has a 
subsequence for which the limit in ()2.13p holds. 

Fix 5 > 0. If the infimum in ()2.13p is not finite, the inequality is triv- 
ially satisfied; hence we may assume that the infimum is finite. Since F is 
bounded, there exists ip G such that 



(2.14) Uip) + f{^) < inUlM + Fm + - < oo. 



For such Lf, choose v € L^([0, T];]R™) such that 



If 5 

2 Jo '^"'^^'^ - 2' 



and (f = Tx{v). This choice is possible by the definition of and since 
Ix{v) < oo. Let {ffnlnGN C (0, 1] be such that e„ — )• as n — )• oo. For 
n G N, let X"^'"" be the unique strong solution of Equation (|2.2p with e = e„ 
and (deterministic) control v = v. Then the family {{X"^'"" ,v)}n&n is tight. 
Therefore, possibly taking a subsequence, [X"^'"" ,v) converges in distribution 
to a random variable {X,v) defined on some probability space (fi, J-", P). As 
in the proof of the lower bound, it follows that, P-almost surely. 



Xt = x+ I b{s,X)ds+ [ a{s,X)isds foraUtG[0,T] 
Jo Jo 



The above integral equation, which is deterministic since v G L^([0,T];R™) 
is deterministic, coincides with Equation (j2.4p . The solution to that equation 
is unique by assumption H4, hence X = Tx{v) = ip P-almost surely. Using 
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representation ()2.6p . we obtain 



lim sup — En log E 



lim sup inf E 



Wo ds 



n JO 



< lim sup E 

n—^oo 
cT 



T 







\vs\'^ ds + Fix""'' 
ds + lim E 



< + - + lim E . 

Since F is bounded and continuous and X^'"" converges in distribution to 
X = ip,we have lim„_^oo E[F(X"''^)] = F{ip). Thanks to (f23i)l . we can end 
the above chain of inequalities by 

+ ^ + < inf {4(V) + F(V^)} + <5. 

Since 5 > is arbitrary, the proof of the Laplace principle upper bound is 
complete. □ 

Goodness of the rate function. To prove that Ix is actually a good rate func- 
tion, it remains to check that Ix has compact sublevel sets. This follows from 
the compactness of Sn for any > 0, and by the continuity on these sets 
of the map Tx, which takes v to the unique solution of Equation (|2.4p . ac- 
cording to assumption H5. Indeed {cp G : Ix{^) < N} = f^^^^TxiSN+s) 
is the intersection of compact sets, hence compact. □ 



3 Lipschitz continuous coefficients 

In this section we show that hypotheses H1-H6 hold in the important case of 
locally Lipschitz continuous coefficients satisfying a sublinear growth condi- 
tion. With the notation of Section [21 let us introduce the following assump- 
tions: 

Al b and a satisfy a sublinear growth condition. Specifically, there exists 
M > such that for all t G [0, T], all ip G W^, 

\b{t, ip)\ V \a{t, ip)\<M [1+ sup \ips\] . 
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A2 b and a are locally Lipscliitz continuous. Specifically, for any R > 
there exists L/j > such that for all t G [0,T], all ip,(p £ W"^ with 
suPse[o,t] \fs\'^\<fs\<R, 

\b{t, if) - b{t, V \a{t, ip) - b{t, <Lr sup \ips - <^s|- 

se[o,i] 

A3 be and enjoy property Al (with the same constant M as 6, a) as well 
as property A2. 

A4 6e,(T£ converge as e — )• to 6 and a, respectively, uniformly on bounded 
subsets of [0, T] X W"'. 

Remark 3.1. We distinguish between hypotheses A1-A2 and A3 since A3 is 
not needed to verify H4 and H5. Observe that A4 is not exactly H2, indeed 
the convergence is not on the whole W^, but on the bounded subsets ofW^. 

Remark 3.2. Assumption A2 implies that ifO<t<T and (p^tp £ are 
such that (fs = ips for all s £ [0,t], then b{t,ip) = b{t,'ip). 

Theorem 3.1. Grant A1~A4- Then the family {X'^}e>o of solutions of the 
stochastic differential equation ()2.ip with initial condition Xq = x satisfies 
the Laplace principle with good rate function Ix : — )■ [0, oo] given by 



1 



T 



IJ^) = inf - / \ft\'^dt 

{/eL2([0,T];R™):^=r4/)} 2 

whenever {/ G L2([0,T];E™) : if = T^if)} / 0, and = oo otherwise. 

To prove Theorem 13.11 it is enough to show that hypotheses H1-H6 of 
Theorem 12.11 are entailed by assumptions A1-A4. As mentioned above, we 
will not be able to prove H2. Instead, we are going to show that in this 
special setting H2 is not really needed; this discussion is postponed to the 
end of the section. 

Hypotheses HI, H3. HI is satisfied, in fact •) and a{t, •) are uniformly 
continuous on bounded subsets of W^, uniformly in t G [0,7"] because of 
assumption A2. Moreover a{-,if) belongs to L^[0, T] for any tp G since 



sup |^7(t,v^)|2 <2M2(1 + ||(^||^, 



as a consequence of Al. Assumption A3 implies that pathwise uniqueness 
and existence of strong solutions hold for E quation <\2.\} : see, for instance. 
Theorem 12.1 in lRogers and Wilhamsl |2nnnl . p. 132]. □ 
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Hypotheses H4, H5. In view of Remark 12.21 it suffices to show that, given 
any / G L^([0, T], M"*), uniqueness of solutions holds for Equation (|2.4p . 

Given any / G L^[0,T], there is a unique solution ip G C([0,T],M'*) of 
Equation (j2.4p : moreover, for all f G [0, T], 

(3.1) sup < (3|xp + 6M2t2 + 6M2t||/||2) ^^MH{t+\\fr) _ 

0<s<t 

To verify that uniqueness holds, let (p,il) £ C([0,r],M"') be solutions of 
Equation ([23]). Then for t G [0,r], 

Wt-M< I \b{s,ip) -h{s,iij)\ds + / \a{s,'p) - a{s,%l))\-\fs\ds. 
Jo Jo 

By taking the square, using Holder's inequality and the local Lipschitz con- 
tinuity according to A2, we obtain for R > big enough (since tp, ip are 
bounded), 

Wt -i^t? < 2L% (T + Wff) ■ [ sup - i^uf ds. 

Jo ue[o,s] 

Gronwall's inequality now entails that \\ip — ^l^\\oo = 0, which yields unique- 
ness. Similarly, also using the sublinear growth condition Al, one finds that 

I'/'tP < 3|rE|2 + 3ty \b{s,ip)\'^ ds + 3(j \a{s,ip)\ ■ \fs\ds 

<3|a;|2 + 6M2(t + ||/||2) [ (l+ sup \^uA ds 

Jo \ 0<u<s J 

<3\x\^ + 6M^t^ + 6M^t\\ff + 6M^ {t + \\ff) [ sup \ipu\^ ds. 

Jo 0<u<s 

An application of Gronwall's inequality now yields the growth estimate (|3.ip . 

In order to establish H5, we have to show that, given any > 0, the 
map Tx defined in HA is continuous when restricted to 

5iv = |/ G L\[0,T],W^) : £ \fs\^ds < N 

endowed with the weak topology of L^. Fix A^ > 0. Then Sn is a compact 
Polish space. Take {/""} C Sn such that f"' ^ f weakly, and define = 
Txir), if = Txif). Then for t G [0,r], 

^2-^1=1 {b{s,ip'') -b{s,ip))ds 







+ 



f {a{s,^^)-a{s,ip))f^ds+ [ a{s,ip){f^-fs)ds. 
Jo 
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Since < estimate ()3.ip yields that R = sup^gp^ Hv'^Hoo V Hv^Hoo is 

finite. Therefore, using A2, 



sup \(p'^ - (pu\ < Lr / sup \ip'^-(pu\ds 

u£[0,t] Jo ue[0,s] 

ft pu 

+ Lji sup \ip'^-ipu\-\fs\ds+ sup / 

Jo u£\0,s] ne[0,Tl Jo 



ais,ip)if^-fs)ds 



Put A" = sup^^^qj^t^IJq a{s,(p) {fg — fs) ds\. By Holder's inequality and 
since H/^P < iV for all n G N, it follows that 

sup \ip^-ipu\^ <3Ll{t + N) f sup \^l-^u\''ds + ?>{/\lf. 

uG[0,t] Jo uG[0,s] 

An application of Gronwall's lemma yields 

l|r.(r)-r.(/)||oo= sup |v.r-^t|^<3(A^)V^^^(^+^). 

te[o,T] 

In order to establish continuity of Tx on Sn, it remains to check that A" 
goes to zero as n — t- cxd. Thanks to assumption Al, the function o" (•,(/?) is 
in L°°[0,r]. It follows that C7(', converges weakly to a{-,ip)f in L^. 
Moreover, the family {a{-,ip)f'^}n£N is bounded in with respect to the 
L'^-norm. Hence 



(^{s,f)fsds 



a{s,ip)fsds, 



/o Jo 
uniformly in t G [0, T], which implies A" — )• as n — )• oo. 



□ 



Hypothesis H6. Let {enlneN C (0, 1] be such that e„ — )• as n — )• oo, and 
let {w^jnGN C A^^[0,T] be such that, for some constant > 0, 

fT 

sup / K(a;)|2 < for 6l-almost ah w G W". 

nGN Jo 

For nGN, let X"'''"" be the solution of Equation (|2.2p with e = control 
V = v"^, and initial condition x. Observe that if e < 1, then ^/eas has 
sublinear growth at infinity with constant M, thanks to A3. By Lemma [A. 2 1 
in the appendix, it follows that for all p > 2, 



(3.2) 



supE 

neN 



sup 

tG[o,r] 



< C{l + \x\P) 
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for some finite constant C = Cp(T, N, M). Estimate (|3.2p . together with the 
subhnear growth at infinity of a (according to Al), imphes in particular that 



sup / E [\a{s,X 

ngN JO 



n,v„\\21 



ds < oo. 



It remains to verify that the family is tight. In view of the Kol- 

mogo rov tightness criterion (for instance, Theorem 13.1.8 in lRevuz and Yor 



19991 . pp. 517-518]), it suffices to show that there exist strictly positive con- 



stants a, /3, 7 such that for all t,s £ [0, T], 

supE - X^^^'-l"] <(3\t-s\^+\ 



neN 



Without loss of generality, let s < t. Set K = 2P-'^MP{T + C{1 + \x\P)). 
Exploiting the sublinear growth, we obtain for all n G N, 



ft 



3P''B 



^ \b,^{u,X^''"-)\Pdn 
a,„{u,X^'^-)\-\v^\du 
+ 3P-\enf^E \ f aeAu,X^'^-)dWu 

. J s 

< 3f-iK((t-sf + iVi(t-s)i +cp(e„)i(t-s)i) 



The hypotheses of Kolmogorov's criterion are therefore satisfied if we choose 
p > 2 and set Q = p, /3 = 3P~^K fri A^i -mV 7 = | - 1 > 0. 



□ 

Hypothesis H2 modified. In the proof of Theorem 12. 1| hypothesis H2 is only 
needed to show that for all t G [0,T], 



lim E fe(A:"'^",u") 



where ■ W'' x S'at M is defined by 



0, 



^t{v,v) 



ipt — X — / b{s,ip)ds— / a{s,ip)vsds 



A 1. 



We show that the same conclusion holds if we assume A3 and A4. Define 
6f : [0, T]xW^ ^ R'^ by 



6f(s,v,) 



be{s,ip) if SUp„g[o,^] \ipu\ < R, 

bs(s, II f) otherwise. 
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In the same way, define a^, a^, and b^. It is clear that the functions 
just defined are globally Lipschitz and bounded. Thanks to assumption A4, 
b^ and cjf ^ uniformly on [0,r] x W^. In analogy with ^'j, set 



t j-t 
(ft — X — / b^{s,ip)ds— / a^{s,ip)vsds 











A 1. 



Observe that if sup^g^^^] \ipu\ < R, then ^f'{ip,v) = ^'^(99,7;). Now consider 
the family {X^'"} of solutions to the equation 



dXf = bl {t, dt + < (t, dt + {t, dWt, 

with Xq'"" = X. The same argument as in Theorem 12.11 yields 

lim E r^f(X^'",?;'")l =0. 

For > 0, n G N, let r]j denote the time of first exit of X^''"" from the 
open ball of radius R centered at the origin. By the locality of the stochastic 
integral, 

1. 



= X,"'"" for aU t < 



On the event {t < t^} we have , u'' 

that 



^fl(^j^i?,n^^n)_ follows 



(3.3) E[^t(X"'-",7;")] 



Using the sublinear growth condition and the estimate of Lemma IA.2| we 
find that for all n G N, 



sup >R]< 

0<s<t 



C2(T,N,M){l + \x\'^) ^ C 



R^ 



C 



Taking upper limits on both sides of p.3p . we obtain 

lim sup E < limsupP(t > r^) < 

Since R > has been chosen arbitrarily, it follows that 

lim E r^t(X"'''",t;")l =0. 
The job of assumption H2 is therefore carried out by A3 and A4. 



□ 
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Example 3.1 (Freidlin-Wentzell estimates). Let b, a be measurable func- 
tions from [0,T] X to M*^ and M^^'", respectively. Assume that 6, a are 
locally Lipscliitz continuous and satisfy a sublinear growth condition, uni- 
formly in the time variable; that is, for every R > there exists L/j > such 
that for all t G [0, T], all y,z£R'^ with \y\, \z\ < R, 

\b{t,y) - b{t,z)\ < Ljily - z\, a{t,y) - a{t,z)\ < L/j|y - z\, 

and there exists a constant M > such that for all t € [0, T], all y G M'^, 

\b{t,x)\ < M(l + \x\), \^{t,x)\ < M(l + |x|). 

Let be the unique strong solution of the stochastic differential equation 

dXf = b{t, Xf) dt + ^/ea{t, Xf) dWt 

over the time interval [0,T] with initial condition Xq = x. Set b{t,(p) = 
b{t,(pt), a{t,ip) = a{t,ipt). Then b, a satisfy assumptions A1-A4. By Theo- 
rem [3TT1 the family {X^}£>o satisfies the large deviation principle with rate 
function : — )• [0, oo] given by 

(3.4) I^{ip) = inf \ f \ft\^dt 

{f£L'i([0,T]-M.'^):^t=x+^;^b(s,ip,)ds+J^^u(s,^s)fsds} 2 Jo 

whenever {/ G L2([0, T]; R") ■.ipt = x + /q* 6(s, ^s) ds + /q* ct(s, ^s)fs ds} + 0, 
and Ixif) = otherwise. 

Remark 3.3. If a is a square matrix such that a{t,y) = a{t,y)a{t,y)'^ is 
uniformly positive definite, then Equation (|3.4p simplifies to 

Ixif) = / {'fs-b{s,(fs)) a'~^{s,(fs){'fs - b{s,ips))ds 
^ Jo 

whenever (f £ W"^ is absolutely continuous on [0, T] with cpo = x, and Ix{(p) = 
oo otherwise. 



4 Two applications 

In Subsection 14. 11 we apply Theorem 13. II to derive th e large deviation princi 



pie fo r stochastic systems with memory established in lMohammed and Zhang 



2006|. Their proof is based on a discretization argument similar to the 
method of steps for proving properties (including existence of solutions) of 
delay differential equations. 
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In Subsection 221 we go back to Theorem [2?T] to derive the large deviation 
principle obtained bv lBaldi and Caramellind 201l| for a class of positive Ito 
diffusions with dispersion coefficient a of square-root type. Those authors 
first establish the large deviation principle for e-dependent coefficients in the 
diffusion case. The proof builds on a quasi-continuity property of the Ito 
solution map (the map that takes a path of the driving Brownian motion 
to a path of the unique strong solution; the map h in the appendix here) . 
Their assumptions can be summarized as follows [cf. iBaldi and Caramellind . 
A. 2. 3 and Theorem 2.4]: assumptions on Equation (|2.4p equivalent to 
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our hypotheses H4 and H5, including existence of solutions; local Lipschitz 
continuity of 6^, a,, for e > as well as strong existence and uniqueness 
of solutions for the corresponding prelimit equations; the quasi-continuity 
property (assumption A. 2. 3(c) there), which relates the prelimit solutions to 
solutions of the limit equation (|2.4p . This last assumption holds, for instance, 
if the limit coefficients a are locally Lipschitz continuous. 



4.1 Systems with memory 

Let h : [0, T] x M'' x M'^ ^ M'^ and a : [0, T] x M'^' x E*^ ^ M^^*" be Borel 
measurable functions. Let us make the following assumptions. 

Ql The functions b, a satisfy a global Lipschitz condition; that is, there 
exists a constant L > such that for all xi,X2,yi,y2 £ 1^*^) all t G [0, T], 

\b{s,xi,yi) - b{s,X2,y2)\ < L{\xi - X2I + \yi - ^2!), 
\a{s,xi,yi) - a{s,X2,y2)\ < L{\xi - X2I + \yi - ^2!)- 

Q2 The functions b{-,x,y), a{-,x,y) are continuous on [0,T], uniformly in 

Let r G]0,r[ and € C([-r, 0], M'^); r wih be the length of the (fixed) 
delay and ^ the initial segment. For e > 0, consider the stochastic delay 
differential equation 

(4.1) dXf = b{t, XI Xl_,) dt + ^e a{t, , X^,) dWt, 

over t £ [0,T] and with initial condition X^ = tps for all s £ [— r, 0]. Denote 
by the set of all continuous functions (p: [— r, T] — )■ M"' such that ifs = ips 
for all s e [-r,0]. Let be the map L2([0,r],M") which takes 

/ G L^([0, T], M"^) to the unique solution of the integral equation 
(4.2) 

['^0 + jQb{s,(ps,Vs-T)ds + J^a{s,(fs,Vs-T)vsds ifte]0,T], 

yt fftG[-T,o]. 
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Theorem 4.1. Grant Ql and Q2. Then the map is well defined and the 
family {X^}e>o of solutions of the stochastic delay differential equation ()4.ip 
with initial condition X| = ipg for s G [— r, 0] satisfies the large deviation 
principle with good rate function I^: ^ [0, oo] given by 



1 



T 



IJ^) = inf - / l/tPdt 

{/GL2([0,T];R™):v=G^(/)} 2 Jq 

whenever {/ G ^^([0, T]; M"") : ip = G^{f)} / 0, /^((/?) = oo otherwise. 
Proof. Define a function <I> : W"^ — )• according to 



$[<^](s) = 



Ips • l[-r,0](s) + • l]0,T](s) if V^O = V'O, 

^V's • l[-r,o](«) + V^o • l]o,r](s) otherwise. 



Define mappings b, a from [0,T] x W'^ to i?'^ and to M*^^"", respectively, 
according to 

b{s,ip) = b{s,ips,'4's-T) ■ l[o,r[{s) + b{s,(Ps,Vs-T) ■ i[T,T]{s), 
a{s,ip) = a{s,ips,1ps-T) ■ l[0,r[(s) +0-(s,99s,(/9s-r) " l[r,T](s), 

and consider the stochastic differential equation 

(4.3) dYf = b{t,Y^)dt + ^/Ia{t,Y'')dWt 

over [0, r] with initial condition Yq = ■i/'o- We show that the functions b 
and a enjoy assumptions A1-A4 of Section [3l Since the coefficients do not 
depend on e, it suffices to verify Al and A2. We check the assumptions 
only for b, the work for a being completely analogous. Let us start with Al. 
Thanks to Ql we have 

\b{t,x,y)\<L{\x\ + \y\) + \b{t,0,0)\. 

By Q2 it follows that sup^gjo.T] IK^^O, 0)| < oo. Let £ W^. Then 



L{\ps\ + \i^s-r\) + \Ks,0,0)\ ifsG [0,r[, 
L{\ps\ + \^s-r\) + \Hs, 0,0)\ if SG [r,r]. 



Set M = 2L V (supie[o,T] 1^^,0,0)1 + sup,g[_,,o] ^IV'.I)- Then \b{s,p)\ < 
M{1 +supig[o,s] \v^t\), which yields Al. Next we verify A2. Let (p,ip> G W^. 
Then, thanks to Ql, 



\b{s,ip) -b{s,e)\ < 



L\ps - ps\ if s G [0,r[, 

L{\ips - ifs\ + \<fs~T - 'Ps~t\) if s G [t,T]. 
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Thus b{t, •) is globally Lipschitz continuous with constant 2L, uniformly in 

te[o,T]. 

Since b, a satisfy both Al and A2, Theorem 13 . 1 1 applies and yields that the 
family {y^}e>o of solutions of Equation (|4.3p with initial condition Yq = ipQ 
satisfies the large deviation principle with good rate function J: — )• [0, cxd] 
given by 

J(ip) = inf - / Iftl'^dt, 

where inf = oo by convention and T = T^^ as in H4. In particular, T is well 
defined as the mapping L^{[0,T],R"^) W"^ that takes / G L^{[0,T],R"^) 
to the unique solution of Equation l2.4l that is, to the unique solution ip € 
of the integral equation 



^Pt = x + 



/ b{s,(p)ds+ / a{s,(p)fsds, t € [0,T] 
Jo Jo 



Now let (f £ C^. Then ip solves the integral equation (|4.2p with / S 
L2([0,T],R™) if and only if p^q^t] = r(/). Recalling the definition of b, 
a, it follows that Equation (|4.2p has a unique solution and that the mapping 
G is well defined. Moreover, for every e > 0, Equation (j4.ip possesses a 
unique strong solution with initial segment ip, and = $[y^] 0-almost 
surely. 

Set C^(, = {p £ : po = il^o}- Observe that the effective domain of 
J, namely Pj = {p £ : J{p) < oo}, is contained in C^g. The map 
<I> is continuous on C^g (in fact a continuous bijection C^g — )• C^). Since 
the processes take values in C^^ and = ^[Y^], it follows by the 
contraction principle (see, for instance. Theorem 4.2.1 with Remark (c) in 



Dembo and Zeitouni 



19981 . pp. 126-127]) that the family {X^}e>o satisfies 
the large deviation principle with good rate function I : — )■ [0, oo] given 
by 

I{p) = inf ^Jip) : p gW^ such that ^p] = p^ 

= Ji'f\[0,T]) 



1 



inf - / l/tPdt 

{/eL2([0,T];R™):<?|[0,T]=r{/)} 2 



T 



1 



inf - / Iftl'^dt. 

{/eL2([0,T];R™):<^=G(/)} 2 Jq 



T 



□ 
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4.2 Positive diffusions with Holder dispersion coefficient 

In this subsection, we derive the large deviation principle for a class of scalar 
Ito diffusions where the dispersion coefficient a is positive away from zero 
and H older continuous with expone nt 7 > ^. This problem has been stud- 



ied by iBaldi and Caramellind [201 1| using a different approach. We follow 
their work in proving uniqueness for the deterministic limit system ()2.4p as 
required by H4, see Proposition 14. II below: then we invoke Theorem 12.11 

Let W denote a one-dimensional Brownian motion. Slightly changing 
notation, let xq > be the initial condition and consider, for e > 0, the 
scalar stochastic differential equation 

(4.4) dXf = h{Xl) dt + Vea{Xl) dWt 

with Xq = xq. We make the following assumptions on the coefficients 6, a, 
which we take independent of e for the sake of simplicity. 

Rl The dispersion coefficient o': M — )• [0, 00) is locally Lipschitz continuous 
on M \ {0}, has sublinear growth at infinity, ct(0) = 0, while a{x) > 
for all X ^ 0. Moreover, there exists a continuous increasing function 
p: (0, 00) — )• (0, 00) such that p '^{u) du = +00 and 

\a{x) — (T{y)\ < p{\x — y\) for all x, y G M, x ^ y. 

R2 The drift coefficient 6 : M — ?• R is locally Lipschitz continuous, has 
sublinear growth at infinity, and 5(0) > 0. 

The large deviation principle will be derived from Theorem 12.11 To this 
end, set 

a{s, <f) = a{ips), b{s, if) = b{ips), (s, ^p) £ [0, T] x 

Let us check that hypotheses H1-H6 hold for b, a. Since b, a are continuous, 
b, a are predictable with b{t, •), a{t, •) uniformly continuous on all bounded 
subsets of W^, uniformly in t € [0,T]. Moreover, given any 99 G W^, a{-,p) 
is bounded by M(l -t- Hv'lloo) for some M independent of if thanks to the 
sublinear growth condition, hence square-integrable. Thus HI holds. Hy- 
pothesis H2 is clearly satisfied as 6^ = 6 and cjg = cr. Under Rl and R2, 
pathwise uniqueness holds for E quation (14.41) for (12.11) with 6, a as above); 



this follows from Theorem 1 in Yamada and Watanabe 



197l|. Continuity 



and sublinear growth of the coefficients impl ies existence of a we a k sol u 



tion (for instance. Theorems 2.3 and 2.4 in llkeda and Watanabd [1989|), 



which together with pathwise uniqueness actually implies that any solution 
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is strong (Corol l ary 3 in lYamada and Watanabd 197l| or Theorem IX. 1.7 in 



Revuz and Yod 1999I . p. 368]). Accordingly, hypothesis H3 holds. The fact 
that hypothesis H4 holds is a consequence of Remark [22] and Proposition 14. II 
stated next. 

Proposition 4.1. Grant Rl and R2. Let f G L^([0,T]). Then uniqueness 
of solutions holds for the integral equation 

(4.5) (^^ = xo+ / b{(ps)ds+ / a{(ps)fsds. 

Jo Jo 

Moreover, for every N > there exists r/ > such that infjg[o,T] ^ V 
whenever ip is a solution of (|4.5p and ||/||/,2 < A^. 

Proof. Recall that xq > 0. The first part of the assertion, uniqueness of 
solutions to (14. 5p . follows from the second part, namely the assertion that any 
solution is bounded away from zero, uniformly in the L^-norm of the control. 
Indeed, fix the control / G L^([0,T]) and suppose that Lp,ip ^ C([0,T],M) 
are two solutions of (|4.5p . Then there is ry > such that min{(/9( , i/j^} > r] 
for all t € [0,T]. Consequently, ^p, ip also solve the integral equation that 
arises from (|4.5p by replacing b, a with coefficients that are locally Lipschitz 
continuous on the whole M and coincide with 6, a on [q, oo). Since for locally 
Lipschitz continuous coefficients uniqueness of solutions holds (cf . Section [3]) , 
one has ip = ip. 

In order to prove the second part of the assertion, let / G L^([0, T]). Set 

^{x, v) = ^"Irf^^.^j , {x, v) G (0, oo) X M, 
and let H be the Legendre transform of £, that is, 

H{x,p) = sup {v ■ p — C{x, v)} = b{x)p H — ((j(a;))^p^ 

for all (x, v) G (0, oo) x M. By definition of H, it follows that for all f ,p G M, 
all a; > 0, 

(4.6) H{x,p) + C{x,v) > V ■ p. 

Let iV > 0. Let / G L'^{[0,T]) be such that ||/||i2 < N, and suppose that ip 
is a solution of Equation ()4.5p with control /. Thanks to R2, we find x > 
and /3 > such that b{x) > f3 for all x G [0, x]. We may assume that x < xq. 
Again thanks to R2, we can choose ^ G (0, x) such that /3 p~'^{r)dr > N'^. 
We are going to show that (pt > for all t G [0, T]. Suppose this was not 
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true. Then there would be ti,t2 G [0, T] with ti < t2 such that ipt^ = x, 
ipt2 = and ift G i^jx] for ah t G [^1,^2]- By the solution property of ip, we 
would have 

Define the function V: (0, 00) — )• M by 



V{x) = -2 dz. 



criz 



Then V{x) = and H{x, V'{x)) = for aU x > 0. By ([321) and since 
(ft-^ = x and ipt2 = if would follow that 

rt2 



tl 

V'{ips) ■ (ps ds 

tl 

i't2 rt2 
< / {H{ips,V'{ips)) + C{ips,ips)) ds = C{ipt,(pt)dt, 
Jti Jti 

hence iV^ > ||/||^2 > On the other hand, since b{x) > /? > and 

(t(x) < p{\x\) for all x £ [0, x], we would have 

ViC) = -2 4^ dz>2 r dz > 2N^ 

by the choice of ^. But this would yield A^^ > V^(^) > 2N'^ - a contradiction. 
Therefore, if ||/||i2 < N, then ^t> i for every t G [0,r]. □ 

Proposition 14. II also implies that hypothesis H5 is satisfied. The map Tx 
which takes / G Sm to the unique solution of the integral equation 



x+ b{ips)ds+ / a{ips)fsds 
Jo Jo 



coincides with the map defined by replacing a with a function which is 
locally Lipschitz on the whole M and equals a out of a sufficiently small 
neighborhood of zero. Indeed, there exists ^ > such that, for all / G Sat, 
^x{f) ^ Therefore, is continuous from Sn endowed with the weak 
topology of , as a consequence of what we have shown in Section [3] in the 
case of locally Lipschitz continuous coefficients. 

Finally, by assumptions Rl and R2, the coefficients b, a have sublin- 
ear growth at infinity. Based on this property, we can argue exactly as in 
Section [3] to show that H6 holds. 
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Theorem 4.2. Grant Rl and R2. Then the family {X''}e>o of solutions 
of the stochastic differential equation (14. 4p with initial condition xq satisfies 
the large deviation principle with good rate function I: C([0, T],M) — t- [0, cxd] 
given by 

whenever ip is absolutely continuous on [0, T] with ipQ = xq, and I {if) = oo 
otherwise. 

Proof. We have already checked that Rl and R2 imply H1-H6. Theorem 
12. II therefore yields the large deviation principle for the family {X'^}£>o with 
good rate function J = J^q given by 

J{^)= inf ^ \f\ft?dt 

whenever {/ G L2([0,r],M) : = xo + /g + j'^a{ips)fsds} / 0, and 

1(99) = 00 otherwise. In particular, J(<^) < cxd if and only if (p solves ()4.5p 
for some / e ^^([0, T], M). Let 93 G be such that J{ip) < 00. Then (p 
solves (USD for some f e L'^{[0,T],R), hence 

04 = b{ipt) + cr{(pt)ft for almost every t £ [0, T], 

and if is absolutely continuous on [0,T] with (/Jq = ^^o- By Proposition 14.11 
ift > for all t G [0,T], thus (f{(pt) 7^ 0, hence 

y't - bj'Pt) ^ 
for almost every t G [0, T]. It follows that 

which implies J((^) = -/^(i/?)- On the other hand, if G is absolutely 
continuous on [0, T] with = such that J^^ ^^^^^^^y^dt < 00, then 

^ ipt - b{pt) 

is well defined as an element of L^([0,T],M) and ip solves ()4.5p with control 
/. It follows also in this case that Jif) = I{>p)- Q 
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A Appendix 



As above, let (W", ^S, 6) be the canonical probability space for m-dimensional 
Brownian motion over the time interval [0, T], and let (Gt) be the ^-augmented 
filtration generated by the coordinate process W. Let M^[0,T] denote the 
space of all R"^-valued square - integr able (^t)-predictable processes. The- 



Boue and DupuisI [1998j provides the following representation 



or em 3.1 in 

for Laplace functionals of the Brownian motion W. For all F : W™' 

bounded and measurable, 

(A.l) 



logE 



-F(W) 



inf E 

veM^[0,T] 



'ds + FiW + 



Wo ds 



where E denotes expectation with respect to the Wiener measure 9. 

Let •) and cr(-, •) be predictable functions from [0, T] x to M*^ and 
to W^^"^, respectively. Fix x G W^, and consider the stochastic functional 
differential equation 



(A.2) 



dXt = b{t, X) dt + (7{t, X) dWt 



for t G [0, T] and with initial condition Xq = x. Suppose that Equation ()A.2p 
has a strong solution. Then there exists a BlyV^) \;B(W"^)-measurable func- 
tion h: W"^ — >• such that X = h\W ] ^-almost surely; for instance. Theo- 
rem 10.4 in 



Rogers and Williamsl [20001 , p. 126]. Hence, for any F: 



bounded and measurable, F oh'is & bounded and measurable map from W" 
into M. By representation formula (jA.ip for Brownian motion, it follows that 



(A.3) -logE 



-F{X) 



logE 



-Foh(W) 



inf E 

»;gA42[0,T] 



1 



'^ds + Foh{W + / Vsds 



For V G 7W^[0, r], consider the controlled stochastic differential equation 

(A.4) dX'"t = h{t,X'")dt + a{t,X'")vtdt + a{t,X'")dWt 

for t G [0, T] and with initial condition Xq = x. If strong existence and path- 
wise uniqueness hold for Equation ()A.2|) . then the term F oh{W + JqVs ds) 
in ()A.3P can be rewritten in terms of solutions to Equation (IA.4p . We only 
need that identity for control processes v with deterministically bounded 
L^-norm. 

Lemma A.l. Let u G A^^[0,T] be such that \ vs\'^ds < N 6 -almost surely 
for some N > 0. Suppose that strong existence and pathwise uniqueness hold 
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for Equation ()A.2p with initial condition Xq = x. Then Equation (|A.4p has 
a unique strong solution X'" with Xq = x and 







h\^+ I Vsds] =X'' u-a.s. 
Proof. Define the process 



ft 

Wt = Wt + I vsds, t€ [0,T] 





Since Ivs]"^ ds < N 0-almost surely, Girsanov's theorem is appUcable; ac- 
cordingly, there exists a measure 7 over equivalent to 9 such that TV is a 



^^)-B rownian motion on [0, T] (for instance, Theorem 5.2 in lKaratzas and Shreve 



1991 



, p. 191]). With respect to the measure 7 the controlled equation (|A.4p 



becomes 

(A.5) dX^ = b{t, X^) dt + a{t, X") dWt. 

Uniqueness of solutions to Equation (|A.4p follows by assumption of path- 
wise uniqueness for Equation (|A.2p . Indeed, if X and Y are two solutions of 
the Equation (|A.4p . then they are in particular solutions of Equation (|A.5P 
under 7 and with respect to W. By pathwise uniqueness, X, Y are indistin- 
guishable. 

We now prove existence of solutions. For continuous and (t/f)-adapted 
processes Z, define the map ^'(Z) : W" according to 



^{Z){uj) = x + J b{s,h[Z{uj)])ds+ l^J a{s,h[Z{uj)])dZsj{uj). 
The map ^{Z) is certainly well defined when Z is given by 

Ztiuj) = Wt{u) = uj{t) + I Vs{uj)ds 

Jo 

with V G M'^[0,T]. In this situation, for ^-almost all u G W", 

(A.6) ^{W){uj)=x + [ b{s,h[W{u})])ds 

Jo 

+ a{s,h[W{uj)])vs{uj)ds+ (^j^ a{s,h[W])dw)j (a;), 

where W is the coordinate process on W™. Since h\W\ is a solution of 
Equation (|A.2p . by construction we have 

h[W{uj)] = ^{W){uj) for 6'-almost all w E W"". 
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By Theorem 10.4 in iRogers and Williamsl |200Cll . p. 126], h{W) satisfies 



h[W]=x + / b{s,h[W])ds+ / a{s,h[W])dWs 7-a.s. 
Jo Jo 

Since 7 is equivalent to 0, it follows that 

h[W] = ^{W) 9-a.s. 
Thanks to ()A.6p . this implies that, 0- almost surely, 
h[W]t = ^iW)t 

= x+ I h{s,h[W])ds+ I a{s,h[W])vsds+ [ a{s,h[W])dWs 
Jo Jo Jo 



showing that h[W] is a strong solution of Equation ()A.4p with respect to 
W and 9. We have already seen that pathwise uniqueness holds for Equa- 
tion (|A.4p . It follows that 



h{W + J Vsds] =X'' 9-a.s. 



for any solution X'" of with = x. 



□ 



The following lemma, which is included for completeness, provides a 
growth estimate if the coefficients b, a satisfy a sublinear growth condition. 

Lemma A. 2. Let v G 7W^[0,T] be such that \vs\'^ds < N 9-almost surely 
for some N > 0. Assume that b, a are such that, for some M > 0, 



\b{t,^)\ V \(j{t,^)\ < M 1+ sup \fs\ 

for all t e [0,r], all 99 G W"^. If X'' is a solution of Equation ()A.4p with 
Xq = X, then for all p > 2, 



E 



sup \X^\P 

tG[0,T] 



< CpiT, N,M){l + \x\P), 



where Cp{T, N, M) is non- decreasing in each of its three arguments. 

Proof. Let p > 2. For i? > 0, let r^^ be the time of first exit of X^ from the 
open ball of radius R centered at the origin. Since I^^^/xt-^I < R, the process 
Xt/^rR belongs to MP[0,T]. Since solves (jXij) . we have 
ft ft 



X-, 



tATR 



= x+ 6(s,X) • l{^<^^}ds+ / a{s,X)vs -lisKrayds 
Jo Jo 

+ / a{s,X)l{,<^^}dWs. 
Jo 
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By the sublinear growth condition, 



\bit,X)\ V \ait,X)\ ■ l{t<rn}\ < M 1 + sup \XsAra\ 

V se[o,t] 



Set, for t e [0,T], 

Ii{t) = B 

hit) = E 
l3 = E 



\b{s,X)-l^,^,^}\Pds 



a{s,X)\ ■ l{s<Ta} ■ \vs\ ds 



sup 

ue[o,t] 

■t 







Then 



h{t) < 2P-^MP(t + B 



hit) < CpE 



/ sup \XuATii\^ds 
Jo 0<u<s 



/ Wis,X) ds 
Jo 



< CplP-H'^MP it + E 



/ sup \XuArn\^ds 
'O uG[0,s] 



where Cp is the universal constant fro m the Burkholder-Dayis-Gu ndy inequal 



ity (for instance, Theorem 3.3.28 in lKaratzas and Shrevd [199 ll . p. 166]), 



hit) < E 



< 2P~H^MPN2 t + E 



sup \XuATii\^ds 
uG[0,s] 



It fohows that 



E 



sup \XsAtr\^ 

se[o,t] 



< AP-^\x\P + 4P-HP-^hit) + 4P-^hit) + 4P-^hit) 



< Kit, N,M)(l + \x\P + y E 



sup \XuAtr\^ 

ue[o,s] 



where 



p-2 



Kpit,N,M) = max|4P~\23P"^MPt"2"(l Vt) (t^ + c 
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Notice that Kp(t,N,M) is strictly positive, non-decreasing in its three ar- 
guments, and independent of R. An apphcation of Gronwall's lemma yields 



E 



sup IXrATfiT 
rG[0,t] 



hence, setting Cp{t,N,M) = Kp{t, N, M)e^''^*'^^^^\ 



E 



sup {XtArJ^ 

te[o,T] 



E 



sup \Xt\P 
te[o,rATfl] 



<Cp{T, iV,M)(l + |xn. 



The constant Cp{t, N, M) is strictly positive and non-decreasing with respect 
to its three arguments. Since X is continuous, we have sup^gjQ j-/^^^] |-^t|^ = 
RP on the event {tr < T}. Therefore 



diTR <T)<e{ sup \Xt\P > RP 

\0<t<TATR J 



<-Le 

- RP 



sup \Xt\P 

0<t<TATR 



< 



Cp{T,N,M){l + \x\P) 
RP 



It follows that Tr AT ^ T as R^ +00 with probability one. Finally, using 
Fatou's lemma, we get 



E 



sup \Xt\P 
te[o,T] 



< lim inf E 

R->oo 



sup \Xt\P 

telO,TATR] 



< CpiT,N,M){l + \x\P). 



□ 
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